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Abstract
Ensemble forecasts are frequently utilized to assess the uncertainties of prediction sys-
tems. There is a consensus that generating initial perturbations with specific structures is
more conducive to characterizing the growth dynamics of analysis errors, demonstrating
higher forecast skills. However, the widely used methods, such as linear singular vectors
(SVs) and orthogonal conditional nonlinear optimal perturbations (O-CNOPs) exhibit
strong linear-assumption dependence and the overestimation of growing properties for
analysis errors, respectively, severely limiting the ability to capture analysis errors and
forecast skills. To tackle these challenges, a theoretical framework is established to solve
the optimal distribution of the nonlinear growing-type initial perturbations by variational
inference (VI) incorporated with the concept of CNOPs, marked as VI-CNOPs. As the
distribution is obtained, diverse initial perturbations for ensemble forecasts can be easily
sampled in it. To evaluate the reliability of VI-CNOPs, a series of ensemble forecast exper-
iments are then conducted using the Lorenz-96 model. We compare the deterministic and
probabilistic forecast skills of VI-CNOPs, O-CNOPs, and SVs under various optimization
durations. The results reveal that, as the optimization durations extend, the forecast skills
of VI-CNOPs progressively improve, consistently outperforming O-CNOPs and SVs. This
trend remains consistent across various forecast lead times. Further analysis reveals that
VI-CNOPs more effectively capture the covariance matrix of analysis errors, aligning with
the fundamental concept of perturbation generation methods for ensemble forecasts.
Moreover, unlike O-CNOPs and SVs, VI-CNOPs do not require the utilization of adjoint
and tangent linear models, largely expanding its application. These results indicate the
novelty and efficacy of VI-CNOPs for ensemble forecasts.
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1 INTRODUCTION

Due to the chaotic nature of the atmospheric system, two
states with minor differences at an initial state gradually
diverge over time, ultimately evolving into entirely distinct
states (Lorenz, 1963a,b). Therefore, a single determinis-
tic forecast merely represents a possible scenario of the
future atmospheric state, inherently susceptible to uncer-
tainty (Buizza, 2008, 2019; Leutbecher & Palmer, 2008).
To quantify forecast uncertainties and improve forecast
skills, the ensemble forecast has arisen. Epstein (1969)
elucidated that the methodology of stochastic dynamic
prediction holds promise. By leveraging the probability
distribution function (PDF) of initial conditions within
the “perfect” model scenario, rather than deterministic
values, the future PDF of atmospheric or oceanic states
is delineated, thereby considering some problems arising
from insufficient or inaccurate observations. While this
approach might theoretically characterize forecast errors
and uncertainties in more detail, numerical weather pre-
diction systems have millions of degrees of freedom, mak-
ing it computationally infeasible (Leith, 1974). Therefore,
based on the concept of acknowledging initial uncertain-
ties, Leith (1974) proposed the Monte Carlo Forecast-
ing (MCF) method, wherein random initial perturbations
(IPs) are superposed on the initial analysis field to charac-
terize the analysis errors (AEs) and generate a collection
of ensemble members aimed at estimating the PDF of an
event. The MCF method facilitates the transition of ensem-
ble forecasts from theoretical research to practical appli-
cations. However, random IPs fail to capture the spatially
continuous structures of AEs and do not guarantee coher-
ence between the initial conditions and the numerical
models (Leith, 1978; Murphy, 1988). Besides, the resulting
ensemble spread is also limited, which always requires a
large number of samples, consuming huge computational
costs.

To address this problem, numerous research endeav-
ors have proposed diverse methodologies aimed at more
effectively delineating the characteristics of AEs through
innovative IP generation techniques. Besides, with an
in-depth comprehension of the evolution of AEs, it
becomes evident that the initial AEs include both
rapid-growing-type and high-energy elements, alongside
slower or non-growing-type with lower-energy elements
(Toth & Kalnay, 1993). In scenarios where a forecast incor-
porates both types of AEs, slower or non-growing-type
AEs only manifest a projection toward error growing
in later stages, while growing-type AEs rapidly amplify
and assert dominance over the entire error field in the
early stage (Mureau et al., 1993; Toth & Kalnay, 1997).
This underscores the greater significance of growing-type
AEs compared to non-growing-type AEs for forecast

accuracy. Consequently, for ensemble forecasts, superpos-
ing growing-type IPs on the initial analysis field effectively
delineates the growing characteristics of AEs, and ampli-
fies the likelihood of ensemble members deviating from
the control forecast to closely approximate and cover the
truth state (Toth & Kalnay, 1997).

Derived from this fundamental principle, Toth and
Kalnay (1993) developed the breeding vectors (BVs)
method, which represent an extension of linear local
Lyapunov vectors (LLVs) under nonlinearity (Toth &
Kalnay, 1993, 1997). BVs have been applied to the National
Centers for Environmental Prediction (NCEP) operational
ensemble forecast system since 1992 and have demon-
strated high forecast skills. Similarly, Feng et al. (2014)
extended nonlinear LLVs (NLLVs) to ensemble forecasts,
employing orthogonal NLLVs to improve the efficacy of
BVs in ensemble forecasts (Feng et al., 2016, 2018). Both
BVs and NLLVs possess dynamic growth structures that
contribute to increasing ensemble spread, thereby enhanc-
ing the estimation of forecast uncertainty. In parallel, the
European Centre for Medium-Range Weather Forecasts
(ECMWF) employs linear SVs (Lorenz, 1965) to construct
IPs (Buizza, 1997; Buizza et al., 2008; Gelaro et al., 1998;
Lorenz, 1965; Molteni et al., 1996; Mureau et al., 1993) and
achieve notable success in constructing ensemble fore-
casts. The core idea behind SVs is to employ finite-time
instability theory in nonlinear dynamics, as well as tangent
linear and adjoint models, to determine the direction of the
phase space with the largest linear development during the
forecast period.

However, SVs have limited capability in describing
optimal growing perturbations in nonlinear systems. SVs
rely on the IPs being sufficiently small and their devel-
opment being approximated by a tangent linear model,
thus failing to capture the nonlinear characteristics of
atmospheric and oceanic variables fully (Anderson, 1997;
Gilmour & Smith, 1997). These studies underscore the
necessity of considering nonlinear optimal perturbations
in atmospheric and oceanic ensemble forecasts.

Recognizing the limitations inherent in the linear the-
ory of SVs, Mu and Duan (2003) introduced the condi-
tional nonlinear optimal perturbation (CNOP), which is
an extension of the leading SV (LSV) in the nonlinear
regime. Physically, CNOP represents the IP that exhibits
the maximum nonlinear evolution under given physi-
cal constraints. Leveraging this concept, CNOP can be
employed to identify the optimal precursor signals for
atmospheric and oceanic high-impact weather and cli-
mate events, thereby elucidating the mechanisms behind
these events, but can also be studied the fastest-growing
initial errors in the forecasting of such events and their
associated predictability properties (see the review papers
of Wang et al., 2020 and Duan et al., 2023). Considering
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the effect of nonlinearity in ensemble forecasts, Mu and
Jiang (2008) replaced the LSV with CNOP, and pro-
posed the CNOP+ SVs method, achieving higher per-
formance than pure SVs in ensemble forecasts with a
quasi-geostrophic model. This method has also been
successfully adopted for the ensemble forecasts of El
Niño-Southern Oscillation (Zhou et al., 2021). Those
results underscore the advantage of identifying IPs with
rapid nonlinear growing when constructing ensemble
forecasts (Jiang et al., 2009).

Furthermore, to consider the multiple nonlinear
processes within the development of IPs for ensemble
forecasts, Duan and Huo (2016) proposed the orthog-
onal CNOPs (O-CNOPs) method, which is engineered
to generate mutually independent, nonlinear opti-
mal growing IPs in orthogonal subspaces, denoted as
1st-CNOP, 2nd-CNOP, 3rd-CNOP, … , nth-CNOP. These
can be regarded as the nonlinear extension of orthog-
onal SVs. Idealized experiments using the Lorenz-96
model illustrate the advantages of O-CNOPs over
SVs and CNOP+ SVs in ensemble forecast (Duan &
Huo, 2016; Huo & Duan, 2019). Furthermore, Huo and
Duan (2019) and Zhang et al. (2023) applied O-CNOPs
to the fifth-generation mesoscale model (MM5) and the
weather research and forecasting (WRF) model, respec-
tively, for constructing ensemble forecasts of typhoon
tracks. The results indicate that O-CNOPs exhibit a wider
horizontal distribution and offer an improved depiction
of forecast uncertainties and skills when compared to
SVs and CNOP+ SVs, further underscoring the practical
effectiveness of O-CNOPs.

While O-CNOPs offer a more comprehensive charac-
terization of the nonlinear growing of AEs compared to
SVs and increase ensemble spread more effectively, their
role as the predominant IPs poses challenges. For example,
O-CNOPs mathematically represent the IPs with the
largest growths within each orthogonal perturbation sub-
space, yet expose a risk of overestimating the growing char-
acteristics of AEs in ensemble forecasts, resulting in con-
siderable deviations of individual members from the truth
state and amplification of ensemble mean forecast errors
(Wang & Duan, 2019). In summary, SVs and O-CNOPs still
have certain limitations in characterizing the nonlinear
growing of AEs. A consensus is that the ability of the IPs
to more accurately characterize the nonlinear growing of
AEs is a necessary condition for a reliable ensemble fore-
cast system. In other words, if the IPs are sampled from the
PDF of the growing-type IPs (hereafter denoted as condi-
tional probability distribution p(z|x), where x represents
a certain initial analysis field and z represents the corre-
sponding growing-type IPs, showing that the growing-type
IPs are related to the given initial analysis field), it is more
likely to improve ensemble forecast skills further. To this

end, considering that CNOP represents a deterministic IP
with the largest nonlinear development under certain con-
straints, we utilize the concept of CNOP to construct a
theoretical framework with a clearly-designed nonlinear
optimization problem to obtain p(z|x).

More precisely, we use a known distribution (marked
as q𝜃(z), 𝜃 is the parameter of the distribution) with the
given analytical expression, such as Gaussian distribu-
tion in this paper, to approximate p(z|x) (i.e., optimizing
to minimize the divergence between q𝜃(z) and p(z|x)).
The variational inference (VI) approach is applied for this
optimization, which is a common and effective way for
recognizing complex or even black-box distributions in
statistics and machine learning, particularly posterior dis-
tributions in Bayesian inference (Jordan et al., 1999). We
mark our proposed framework as VI-CNOPs and illustrate
its effectiveness on the Lorenz-96 model with varied met-
rics. VI-CNOPs methods aim to delineate the growth char-
acteristics of initial AEs more efficiently, thereby reducing
forecast errors and providing a more appropriate spread for
forecast errors estimation (see Section 3 for more details).

The rest of this paper is organized as follows. The next
section describes the Lorenz-96 model employed in this
study. The following section introduces a method to com-
pute the PDF of growing-type IPs. Subsequent sections
outline the experimental design, followed by a presenta-
tion of the results of the ensemble forecast experiments. A
summary and discussion are provided in the final section.

2 LORENZ-96 MODEL

In this paper, the experiments are conducted within the
framework of the Lorenz-96 model, which is a conceptual
dynamical model proposed by Lorenz (1996). Although
the model is relatively simple, it captures the key features
of the atmospheric system, and its dynamical properties
are consistent with those of actual numerical forecast mod-
els (Lorenz & Emanuel, 1998). It has been widely utilized
for evaluating the effectiveness of new theories and meth-
ods in data assimilation (Amemiya et al., 2023; Brajard
et al., 2020; Stanley et al., 2021; Terasaki & Miyoshi, 2014),
adaptive observations (Khare & Anderson, 2006; Lorenz &
Emanuel, 1998), and ensemble forecasts (Duan et al., 2022;
Duan & Huo, 2016; Feng et al., 2014; Revelli et al., 2010).

The model is governed by the dynamical equations:

dX𝑗

dt
=
(

X𝑗+1 − X𝑗−2
)

X𝑗−1 − X𝑗 + F, (1)

where 𝑗 = 1, … ,m,m ∈ N is the dimension of the state
space. The variables in the system are all dimensionless.
This system satisfies the cyclic boundary conditions, that
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is, X−1 = Xm−1,X0 = Xm,Xm+1 = X1. The state variables
X𝑗 can be interpreted as non-dimensional meteorological
variables uniformly distributed on the same latitude cir-
cle (e.g., temperature, pressure, vorticity, or gravitational
potential). The right-hand side of Equation (1) comprises
nonlinear terms, linear terms, and constant terms denoted
by F, which represent the advection, internal dissipation,
and external forcing of the atmosphere, respectively.

The nonlinear behavior of this system varies with the
total number of variables (m), and the external forcing F.
When m = 40 and F = 8, the model exhibits chaos. The
configured Lorenz-96 model undergoes numerical integra-
tion utilizing a fourth order Runge–Kutta scheme with
a nondimensional time-step of 0.05 units (roughly 6 h in
the real world). Furthermore, upon reaching its attrac-
tor, the mean and standard deviation of variable X𝑗 are
approximately equal to 2.3 and 3.6, respectively. The same
configuration is also employed for subsequent ensemble
forecast experiments.

3 MATHEMATICAL
THEORETICAL FRAMEWORK FOR
OBTAINING THE OPTIMAL PDF OF
GROWING-TYPE INITIAL
PERTURBATIONS

As stated in the introduction, the growing-type AEs exert
the most significant influence on forecast results. There-
fore, the IPs superposed on the analysis field should
effectively capture the characteristics of the growing com-
ponents of AEs, thereby sampling the possible develop-
ment of AEs to the fullest extent and improving forecast
skills. This section first establishes a theoretical framework
with a clearly designed nonlinear optimization problem
for solving the PDF of growing-type IPs, followed by the
solution approach for this optimization problem, namely
variational inference.

As mentioned earlier, CNOP represents the dynam-
ically conditioned fastest-growing initial perturbation
under a certain constraint. However, since CNOP is a
deterministic IP given the initial reference state, it can-
not meet the requirements of ensemble forecasts which
are initialized from a set of equally distributed perturbed
states. To deal with this problem, we aim to solve the
PDF of growing-type IPs based on the fundamental con-
cept of CNOP, and then randomly sample from the PDF to
generate the IPs for ensemble forecast.

According to the definition of CNOP (see Appendix B
for more details), a natural idea is to establish the following
optimization problem:

J(p(z|x)) = max
||z||i≤𝛿

{
Ep
(
‖M𝜏(x + z) −M𝜏(x)‖f

)}
, (2)

where Ep denotes the mathematical expectation with
respect to p; In mathematical terms, Equation (2) repre-
sents that the mathematical expectation of the difference,
between all possible initial perturbations z sampled from
p(z|x), superimposed on a given initial condition x, and the
reference state (without perturbations), achieves its maxi-
mum value. In other words, as long as an IP exhibits sig-
nificant development, it is an element of p(z|x). However,
solving this problem in practice is challenging due to its
fundamental aim of characterizing the temporal evolution
of the distribution of growing-type IPs and the excessive
computational complexity involved.

Therefore, our objective is to identify an optimal sur-
rogate PDF q∗

𝜃
(z), which is a simple distribution accom-

panied by an analytical expression and parameter 𝜃 from
a known-form probability distribution family Q, that is,
q∗
𝜃
(z) is the distribution closest to p(z|x) in the entire family

Q, which means that the distance between q𝜃(z) and p(z|x)
is minimized, under a given metric. In this paper, we select
Q as Gaussian distributions, which is a commonly used
distribution family in VI methods (Damianou et al., 2016;
Tomczak et al., 2018; Tran et al., 2016). That is, we seek the
optimal Gaussian distribution q∗(z;𝛍,𝛔) to approximate
the unknown distribution p(z|x), where 𝛍,𝛔 represent the
mean and standard deviation (i.e., the variational parame-
ters 𝜃), respectively. Besides, Kullback–Leibler (KL) diver-
gence (DKL; Kullback & Leibler, 1951), is used for mea-
suring the difference between two PDFs. Then, we can
get growing-type IPs for ensemble forecast by sample from
q∗
𝜃
(z). The mathematization is as follows.

J
(

q∗
𝜃
(z)
)
= min

q
𝜃
(z)∈Q

DKL(q𝜃(z)||p(z|x))

= min
q
𝜃
(z)∈Q

−
∫z

q𝜃(z) log
[

p(z|x)
q𝜃(z)

]

dz.
(3)

By solving the optimization problem determined by
Equation (3), we can obtain the optimal approximation
q∗
𝜃
(z) for p(z|x).

Solving the optimal q∗
𝜃
(z) to approximate the unknow

p(z|x) in Equation (3) relies on VI, which is a method
employed in Bayesian statistics and machine learning to
approximate complex or even black-box probability dis-
tributions (Jordan et al., 1999). VI approximates the true
posterior distribution with a simpler distribution that is
easier to compute (as shown in Figure 1a). It is highly val-
ued for its scalability and adaptability in handling large
datasets and complex models (Blei et al., 2017; Cheng
et al., 2023; Ganguly & Earp, 2021; Sjölund, 2023). To
apply this method to solve the optimization problem in
Equation (3), which involves an unknown distribution
p(z|x), it is necessary to reformulate this problem into an
equivalent form.
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F I G U R E 1 Conceptual diagram illustrating the (a) variational inference, an optimal probability distribution q𝜃(z) is sought to
approximate an unknown probability distribution p(z|x) by minimizing the Kullback–Leibler (KL) divergence between them; (b) the
equivalence of minimizing KL divergence and maximizing evidence lower bound (ELBO); (c) algorithm flow chart for solving q𝜃(z). N is the
sample number for the estimation of objective function and derivation, MAX ITER and 𝛼 represent the configured maximum iteration step
and learning rate, respectively; and (d) sampling from the optimal distribution to form the initial perturbations (IPs) for ensemble forecasts.
[Colour figure can be viewed at wileyonlinelibrary.com]

Firstly, expand the DKL term as follows:

DKL(q𝜃(z)||p(z|x)) = −
∫z

q𝜃(z) log
[

p(z|x)
q𝜃(z)

]

dz

=
∫z

q𝜃(z) log(q𝛉(z))dz

−
∫z

q𝜃(z) log(p(z|x))dz, (4)

where the first term on the right-hand side involves
the determination of the mathematical expectation with
respect to q𝜃(z), that is, ∫z q𝜃(z)f (z, ⋅) dz = Eq[f (z, ⋅)].
Then, we have,

DKL(q𝜃(z)||p(z|x)) =
∫z

q𝜃(z) log(q𝛉(z))dz

−
∫z

q𝜃(z) log(p(z|x))dz

= Eq
[
log(q𝜃(z))

]
− Eq[log(p(z|x))]

= Eq
[
log(q𝜃(z))

]
− Eq[log(p(x,z))]

+ Eq[log(p(x))]. (5)

As log(p(x)) is independent of q𝜃(z), the expectation
operator can be directly removed. So,

DKL(q𝜃(z)||p(z|x)) = Eq
[
log(q𝜃(z))

]
− Eq[log(p(x,z))]

⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟

−ELBO

+ log(p(x)), (6)

where the first two terms are commonly regarded as the
negative evidence lower bound (ELBO), which serves as
a lower bound on the log marginal likelihood of the data.
Log(p(x)) is a constant as it pertains to statistical infor-
mation inherent in the given conditions, termed the “ev-
idence.” In fact, in numerical models, log(p(x)) is solely
related to the given initial analysis field x, that is, the
reference state. Then, we have,

log(p(x)) = ELBO(q𝜃(z)) + DKL(q𝜃(z)||p(z|x)). (7)

Therefore, minimizing the KL divergence is equivalent
to maximizing the ELBO with respect to q𝜃(z) (as shown
in Figure 1b), that is,
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J
(

q∗
𝜃
(z)
)
= min

q
𝜃
(z)∈𝒬

DKL

⎛
⎜
⎜
⎜
⎝

q𝜃(z)||

unknown
⏞⏞⏞

p(z|x)
⎞
⎟
⎟
⎟
⎠

= max
q
𝜃
(z)∈𝒬

ELBO(q𝜃(z)). (8)

Furthermore, according to the conditional probability
formula, the ELBO(q𝜃(z)) is given by:

ELBO(q𝜃(z)) = Eq[log(p(x,z))] − Eq
[
log(q𝜃(z))

]

= Eq[log(p(x|z)p(z))] − Eq
[
log(q𝜃(z))

]

= Eq[log(p(x|z))]
⏟⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏟

Reconstruction term

+Eq[log(p(z))] − Eq
[
log(q𝜃(z))

]

⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟

Regularization terms

, (9)

where the first term on the right-hand side is the recon-
struction term. It represents the expected log-likelihood of
reconstructing the data x under the approximated poste-
rior distribution of the latent variables z. A larger value of
this term indicates a better fit of the variational distribution
q𝜃(z) to the unknown distribution p(z|x). From a physi-
cal perspective, a larger Eq[log(p(x|z))] implies that the IPs
represented by z more closely matches the given analysis
field x, thereby better satisfying the flow-dependent nature
of the IPs. During the practical optimization, we use the
sampling strategy to approximate this term. That is, we
first draw a number of samples from q𝜃(z) and then super-
pose them into the reference state of numerical model to
calculate the logarithm of their average forecast errors.

The second and third terms on the right-hand side
are known as regularization. They constrain the differ-
ence between the approximate posterior distribution q𝜃(z)
and the prior distribution p(z), thereby preventing overfit-
ting. During the practical optimization, we usually assume
the prior distribution p(z) as a standard Gaussian distri-
bution𝒩 (0, 1), which is a common manner. log(p(z)) and
log(q𝜃(z)) can be calculated by Equation (10), where d is
the dimension of z, 𝜇𝑗 , and 𝜎𝑗 (𝑗 = 1, … , d) are respec-
tively the mean and standard deviation.

log(𝜙(z))

= −1
2

(

d log(2𝜋) +
d∑

𝑗=1
log
(
𝜎

2
𝑗

)
+

d∑

𝑗=1

(
z𝑗 − 𝜇𝑗

)2

𝜎
2
𝑗

)

. (10)

Besides, we employ the gradient information to opti-
mize problem Equation (8) by VI, which can obtain
the optimal parameters of the q𝜃(z). The gradient of
ELBO(q𝜃(z)) with respect to 𝜃 can be written as:

∇𝜃ELBO(q𝜃(z))

= ∇𝜃
(
Eq
[
log(p(x|z)) + log(p(z)) − log(q𝛉(z))

])

= Eq
(
∇𝜃 log q𝜃(z)

(
log(p(x|z)) + log(p(z)) − log(q𝜃(z))

))
.

(11)

The log-derivative trick is used to convert the first line
to the second line.

Equation (11) indicates there is no necessity for the
gradient of the numerical model concerning the per-
turbations, eliminating the requirement for tangent lin-
ear and adjoint models. Based on the above derivation,
the problem in Equation (8) can be solved iteratively,
and the optimal parameter 𝜃 of q𝜃(z) can be obtained.
The flowchart of the optimization process is shown in
Figure 1c, where the derivation determines the optimiza-
tion direction and MAX ITER represents the configured
maximum iteration step. It is worth noting that the for-
mulation of the derivation in Equation (11) relies on the
calculation of an expectation. In the practical implemen-
tation, we use the idea of Monte Carlo to estimate the
expectation, where N samples are generated from q𝜃(z) in
the current iteration and their averaged derivation can be
considered as the gradient of ELBO(q𝜃(z)). This is also a
common manner in VI. We set N = 20 in our case study
for approximating the stable expectation (the results are
roughly consistent with the larger N). Even though our
proposed theoretical framework combines the fundamen-
tal concepts of CNOP and VI, the solving process is quite
convenient compared with the previous method that relied
on tangent linear and adjoint models.

In the Lorenz-96 model, to prevent q∗(z;𝛍,𝛔) from
collapsing to a point and ensure diversity in the IPs sam-
pling, 𝛔 is set with a lower bound. During the optimization
process, 𝛍 and 𝛔 are continuously adjusted to maximize
the objective function in Equation (8), that is, the opti-
mization variables are 𝛍 and 𝛔. For each state variable
X𝑗 (𝑗 = 1, … , 40) in the Lorenz-96 model, we can obtain
a q∗

(
X𝑗 ;𝜇𝑗, 𝜎𝑗

)
. Subsequently, sampling randomly from

q∗
(

X𝑗 ;𝜇𝑗, 𝜎𝑗
)

enables the composition of IPs for ensemble
forecasts as shown in Figure 1d, denoted as VI-CNOPs.

The optimization of the 40 variables X𝑗 is conducted
independently. However, one may argue that there is a cor-
relation between variables at different grid points. Impor-
tantly, the IP must satisfy Equation (2), which aims to
maximize the mathematical expectation of the perturba-
tion development. It is widely accepted that only IPs with
a specific spatial structure are prone to exhibit signifi-
cant nonlinear development. Thus, the optimization pro-
cess inherently incorporates constraints on the correlation
between grid variables.
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4 EXPERIMENTAL STRATEGY

Similar to Duan and Huo (2016), we adopt an experimental
design. Specifically, after a spin-up run of 4000 time-steps
(i.e., 1000 model days), the integration of the Lorenz-96
model extends for additional 146,000-time-steps (i.e., 100
model years), yielding time series data for state vari-
ables X𝑗 (j = 1, … , 40). From this time series, we extract
X𝑗 at intervals of 1460 time-steps (i.e., one model year)
to serve as initial conditions for subsequent integration
over 44 time-steps (i.e., 264 model hours, also the longest
lead times for the following forecast experiments). These
sequential integrations yield 100 “truths,” each represent-
ing future states being forecasted.

To forecast the truths, we generate the initial analy-
sis fields through the four-dimensional variational data
assimilation (4DVAR). The corresponding “observations”
are derived by adding random-noise (observational) errors,
characterized by a standard normal distribution 𝒩 (0, I)
into the truths at six-hour intervals (i.e., one time-step).
Notably, the standard deviation of these observational
errors amounts to 27.7% of the standard deviation of
X𝑗 , rendering the magnitude of the observational errors
deemed acceptable.

During the forecasting process of the truth run, 4DVAR
is employed to generate the initial analysis by assimilat-
ing observations from both the current and subsequent
time-steps. Leveraging this initial analysis field, we inte-
grate the Lorenz-96 model to create a forecast for the truth
(i.e., control forecast). The disparity between the initial
analysis field and the initial value of the truth constitutes
the initial analysis error. Subsequently, the associated fore-
cast errors are gauged by evaluating discrepancies between
the forecasts and the truth. In this article, the norm used
to measure the AE’s amplitude and its development is the
L2 norm (see Appendix A).

For each of the selected 100 truths (i.e., cases), the con-
trol forecast serves as a reference state to compute SVs,
O-CNOPs (see Appendixes A and B for more details), and
VI-CNOPs. For simplicity, the mean AEs amplitude size
(Equation 12) was chosen as the constraint radius 𝛿 for the
analysis of the 100 cases.

AEs amplitude = ||analysis − truth||L2. (12)

We also set the 𝛿 to match the size of each AE corre-
sponding to each case, which does not affect the results
below (Figures S1–S6). Then, computations were con-
ducted across various optimization durations (i.e., 48, 96,
144, 192, and 264 hr).

Wang and Duan (2019) demonstrated that optimal
ensemble forecast skills in the Lorenz-96 model are typ-
ically achieved with an ensemble size ranging from 20
to 40 members. Therefore, to ensure a fair basis for

comparison and maintain consistency with Duan and
Huo (2016), allowing for comparative analysis among
VI-CNOPs, O-CNOPs, and SVs, we randomly sampled
15 VI-CNOPs from q∗(z;𝛍,𝛔) (15 O-CNOPs were also
calculated) and superposed them to the initial analysis
fields (i.e., reference state) in pairs of positive and neg-
ative perturbations, which yielded 30 perturbation fore-
casts. Including the control forecast, 31 forecasts can be
obtained for the truth. Furthermore, we retained the first
ten normalized SVs (accounting for approximately 91% of
the cumulative explained variance) and used them as the
basis to randomly linearly combine 15 IPs (Equation (13);
Mureau et al., 1993). The perturbation forecast follows the
methodology akin to VI-CNOPs and O-CNOPs.

Psv =
10∑

i=1
𝛼iSVi, (13)

where Psv represents the IPs spanned by SVs; 𝛼i are random
numbers obeying the standard normal distribution.

It is worth noting that, unlike SVs, which are often
used as a linear combination, we superpose VI-CNOPs and
O-CNOPs directly onto the initial analysis field as IPs. This
distinction arises from the inherent nonlinear dynamics of
both VI-CNOPs and O-CNOPs, making their linear com-
binations mathematically and physically meaningless.

Here, we refer to Duan et al. (2022) to define the fol-
lowing two classifications of events: high-frequency (HF)
events with X𝑗 > 2; low-frequency (LF) events with X𝑗 > 5;
and the two events occur with frequencies of 0.50 and 0.17,
respectively.

5 RESULTS

In this section, we evaluate the forecast quality of
VI-CNOPs, O-CNOPs, and SVs in terms of both deter-
ministic and probabilistic forecasts. The quality of ensem-
ble forecasts is frequently assessed using several met-
rics including the anomaly correlation coefficient (ACC),
root-mean-square error (RMSE), spread, Brier score (BS;
Brier, 1950), continuous ranked probability score (CRPS),
relative operating characteristic curve area (ROCA), reli-
ability diagram (RD), Talagrand diagram (Talagrand
et al., 1997), and perturbation versus error correlation
analysis (PECA; Wei & Toth, 2003). For a comprehensive
understanding of their calculation methodologies, please
refer to Appendix C.

5.1 Ensemble forecast performance

For all 100 cases, we calculated the ensemble mean ACC,
RMSE, BS, and ROCA of the three ensemble forecast
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8 of 18 JI et al.

F I G U R E 2 The ensemble mean forecast skills of the three ensemble forecast schemes (variational inference-conditional nonlinear
optimal perturbations (VI-CNOPs) in blue, orthogonal conditional nonlinear optimal perturbations [O-CNOPs] in orange, and singular
vectors [SVs] in yellow) for various optimization durations (48, 96, 144, 192, and 264 hr; represented on the horizontal axis), averaged over
100 truth runs and all lead times (from 6 to 264 hr), as measured by (a) anomaly correlation coefficient (ACC), (b) root-mean-square error
(RMSE), (c,d) Brier score (BS), and (e,f) relative operating characteristic curve area (ROCA). In particular, (c,e) denote the BS and ROCA for
low-frequency (LF) binary events, whereas (d,f) denote high-frequency (HF) events. ACC and ROCA are positively oriented, indicating that
higher values correspond to better forecasting skills, whereas BS and RMSE are negatively oriented, meaning that smaller values correspond
to better forecasting skills. [Colour figure can be viewed at wileyonlinelibrary.com]

schemes, VI-CNOPs, O-CNOPs, and SVs, averaged over
all forecast lead times (from 6 to 264 hr) for different
optimization durations (48, 96, 144, 192, and 264 hr).
As shown in Figure 2, across all assessment metrics,
the VI-CNOPs scheme consistently exhibits the high-
est forecast skills among the three schemes. Moreover,
a distinct trend emerges wherein as the optimization
duration extends, the forecast skills of VI-CNOPs under-
goes a gradual improvement. Nonetheless, in scenarios
where the optimization duration is relatively short, the
benefits of the VI-CNOPs scheme exhibit less promi-
nence, resulting in relatively poor forecast performance
compared to other schemes. The potential reasons for
this phenomenon will be explained in detail in the
Section “The impact of short optimization duration on
VI-CNOPs”.

Next, we take the optimization duration of 264 hr as an
example to further analyze the forecast performance of the
three ensemble forecast schemes, alongside evaluating the
ability of the IPs in delineating the AEs.

We examined the probabilistic forecast performance of
the three ensemble forecast schemes for LF and HF events

based on the RD in the consistency between the probability
forecasted by the model and the actual observed frequency.
The accuracy and bias of the three schemes at different
probability thresholds can be visually displayed (Figure 3).
The results show that the probabilistic forecast skills of
VI-CNOPs are relatively the most reliable among the three
schemes (i.e., RD is closest to the 45◦ diagonal) for both LF
and HF events, which further clarifies the reliability of the
VI-CNOPs scheme.

Furthermore, we evaluated three ensemble forecast
schemes using CRPS and PECA (Figure 4). The former
measures the difference between the cumulative distri-
bution function (CDF) of the truth states and the CDF
derived from forecasted values; while the latter describes
the capacity of ensemble perturbations to elucidate the
control forecast errors.

The findings indicate that VI-CNOPs exhibit notably
poorer PECA score during shorter forecast lead times
(Figure 4b). As previously mentioned, VI-CNOPs are ini-
tialized by randomly sampling from the optimized PDF
q∗(z;𝛍,𝛔). From a statistical perspective, this random sam-
pling typically leads to a clustering of samples around

 1477870x, 2025, 767, D
ow

nloaded from
 https://rm

ets.onlinelibrary.w
iley.com

/doi/10.1002/qj.4913 by Jie Feng - Fudan U
niversity , W

iley O
nline L

ibrary on [18/08/2026]. See the T
erm

s and C
onditions (https://onlinelibrary.w

iley.com
/term

s-and-conditions) on W
iley O

nline L
ibrary for rules of use; O

A
 articles are governed by the applicable C

reative C
om

m
ons L

icense

http://wileyonlinelibrary.com


JI et al. 9 of 18

F I G U R E 3 When the optimization duration spans 264 hr, the reliability diagram (RD) of the variational inference-conditional
nonlinear optimal perturbations (VI-CNOPs) (blue), orthogonal conditional nonlinear optimal perturbations (O-CNOPs) (orange), and
singular vectors (SVs) (yellow) ensemble forecast schemes at different lead times (i.e., lead 48, 96, 144, and 192 hr). The first line is the
low-frequency (LF) event and the second line is the high-frequency (HF) event. The horizontal axis represents the forecast probability, and
the vertical axis represents the observation frequency. For example, if 10 out of 31 members forecast that an event will occur, then the forecast
probability is 10/31. Observation frequency is calculated similarly. The number K on the panel represents the slope of linear fitting using the
points that constitute RD. The closer RD is to the 45◦ diagonal (the closer K is to 1), the higher the forecast skills. [Colour figure can be
viewed at wileyonlinelibrary.com]

F I G U R E 4 The (a) continuous ranked probability score (CRPS) and (b) perturbation versus error correlation analysis (PECA) of the
variational inference-conditional nonlinear optimal perturbations (VI-CNOPs) (blue), conditional nonlinear optimal perturbations
(O-CNOPs) (orange), and singular vectors (SVs) (yellow) ensemble forecast schemes are plotted as functions of lead times. continuous ranked
probability score (CRPS) PECA is negatively (positively) oriented, that is, the smaller (larger) the value, the higher the forecast skills. [Colour
figure can be viewed at wileyonlinelibrary.com]

the mean (𝛍), resulting in relatively concentrated IPs
for VI-CNOPs at shorter lead times, thereby yielding a
smaller ensemble spread (Figure 5). As lead times extend,
nonlinear effects gradually manifest, amplifying the
diversity among ensemble members of VI-CNOPs. This

phenomenon, in turn, enhances the scheme’s capability to
capture control forecast errors, reflected by an increased
PECA. Simultaneously, it contributes to improved ensem-
ble reliability, as indicated by a spread-to-RMSE ratio
closer to 1 (Figure 5).
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10 of 18 JI et al.

F I G U R E 5 The ratio of spread to
root-mean-square error (RMSE) of the
variational inference-conditional
nonlinear optimal perturbations
(VI-CNOPs) (blue), orthogonal
conditional nonlinear optimal
perturbations (O-CNOPs) (orange), and
singular vectors (SVs) (yellow)
ensemble forecast schemes are plotted
as functions of lead times. A ratio closer
to 1 signifies greater reliability in the
ensemble forecast system. [Colour
figure can be viewed at
wileyonlinelibrary.com]

The above results have shown that VI-CNOPs can pro-
vide higher ensemble forecast skills. In addition, reliability
is another important aspect in evaluating an ensemble
forecast system (see the review paper of Feng et al., 2024).
A reliable ensemble forecast system should ideally have
a ratio of the ensemble spread to the ensemble mean
RMSE close to 1 during the entire forecast period, sig-
nifying that the spread serves as a reliable indicator of
the ensemble mean forecast errors (Fortin et al., 2014;
Hopson, 2014). As displayed in Figure 5, due to the orthog-
onality of O-CNOPs and SVs, its ensemble spread is rapidly
amplified in the early stage, overestimating the forecast
uncertainty (i.e., the spread is too large). Subsequently,
as the model is adjusted, the increase in spread slows
down and eventually converges at the RMSE level. Con-
versely, VI-CNOPs exhibit a different trajectory. As shown
in Figure 5, the growing influence of nonlinear effects
leads to a gradual increase and eventual stabilization of
the spread-to-RMSE ratio near 1 for VI-CNOPs, thereby
providing a more consistent and reliable estimation of the
forecast uncertainty.

Naturally, one may argue that VI-CNOPs grow slightly
slower in the early stages and exhibit a smaller spread.
Admittedly, this is a limitation of the VI-CNOPs method,
as we currently approximate the solution using only a
simple Gaussian distribution. In reality, the analysis error
may follow a more complex distribution. In the future, we
plan to explore the use of multiple distributions, such as
a combination of different statistical models, to solve opti-
mization problem Equation (8) and increase the diversity
of the IPs.

Besides, the Talagrand histograms serve as an addi-
tional approach to evaluate the reliability of ensemble fore-
cast systems (Talagrand et al., 1997). Ideally, the Talagrand
histogram should show a flat shape, which means that
there is no statistically significant difference between the
truth and the forecast values, suggesting that the ensemble

forecast system is reliable (Candille & Talagrand, 2005;
Talagrand et al., 1997). Figure 6 illustrates the Tala-
grand diagram and its flatness depicting the VI-CNOPs,
O-CNOPs, and SVs across varying lead times. The observed
flatness of the VI-CNOPs histogram suggests that ensem-
ble forecasts using VI-CNOPs offer greater reliability com-
pared to those based on O-CNOPs and SVs, especially for
longer forecast lead times. This underscores the robustness
of VI-CNOPs in capturing uncertainty while maintaining
reliable forecast performance.

5.2 Characterization of analysis errors
by the initial perturbations

An effective ensemble forecast scheme can aptly char-
acterize AEs (Bowler, 2006; Molteni et al., 1996). Given
that the initial AEs (derived from the difference between
the initial analysis field and the truth) is known in the
ideal experiment, we can examine the capability of the
three IPs to capture AEs. Besides, Wang and Bishop (2003)
emphasized that the primary concept behind the gen-
eration of IPs for ensemble forecasts is to ensure that
the covariance matrix (CM) formed by the IPs approxi-
mates the CM of AEs at the initial time. Therefore, we
delve deeper into assessing the capability of the IPs gener-
ated by VI-CNOPs, O-CNOPs, and SVs to characterize the
CM of AEs.

Firstly, to estimate the CM of the initial AEs, 500 dis-
tinct random perturbations are superposed on the truth
value to generate “observations” for a given case. Sub-
sequently, 500 different analysis fields are derived using
4DVar. The CM of the initial AEs for a given case is then
estimated based on these 500 distinct analysis fields.

As shown in Figure 7, although the CM formed by
the IPs of VI-CNOPs (Figure 7b) still exhibits discrep-
ancies compared to the CM of AEs (Figure 7a), which
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F I G U R E 6 Talagrand histograms for the ensemble forecasts made by (a–d, first row) variational inference-conditional nonlinear
optimal perturbations (VI-CNOPs), (e–h, second row) orthogonal conditional nonlinear optimal perturbations (O-CNOPs), and (i–l, third row)
singular vectors (SVs) at different lead times, and (m) their flatness (logarithmically transformed for clarity) as a function of lead times, with
VI-CNOPs, O-CNOPs and SVs represented in blue, orange, and yellow, respectively. [Colour figure can be viewed at wileyonlinelibrary.com]

F I G U R E 7 (a) The
covariance matrix (CM) of
analysis errors (AEs), and the
initial perturbations (IPs)
formed by the IPs of (b)
variational
inference-conditional
nonlinear optimal
perturbations (VI-CNOPs), (c)
orthogonal conditional
nonlinear optimal
perturbations (O-CNOPs), and
(d) singular vectors (SVs) at the
initial time, averaged over 100
cases. [Colour figure can be
viewed at
wileyonlinelibrary.com]

could be attributed to VI-CNOPs solely characterizing
the growing-type AEs, while other types of error such
as stochastic errors, slow-growing, or even non-growing
errors are present within AEs (Toth & Kalnay, 1993).

Nonetheless, in comparison to O-CNOPs and SVs,
VI-CNOPs demonstrate closer proximity to the CM of AEs.
Conversely, the CMs formed by the IPs of O-CNOPs and
SVs (Figure 7c,d) result in spurious correlations among
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F I G U R E 8 For those
100 true cases, (a) the cosine
similarity index (CSI) between
XVI−CNOP and the 1st-nonlinear
optimal perturbations
(1st-CNOPs) under different
optimization durations, (b) the
objective function value
(‖M𝜏 (x + Δ) −M𝜏 (x)‖)
obtained by adding 100 sets of
random perturbations Δ to the
initial analysis field as a
function of the model
integration steps. [Colour
figure can be viewed at
wileyonlinelibrary.com]

adjacent grid points, leading to slight deviations in depict-
ing the spatial structure of AEs. Therefore, VI-CNOPs
scheme exhibit higher ensemble forecast skills.

5.3 The impact of short optimization
duration on VI-CNOPs

As mentioned in the Section “Ensemble forecast perfor-
mance,” the forecast skills of the VI-CNOPs scheme are
the worst among the three schemes when the optimization
duration is short (Figure 2). This section will analyze the
possible reasons for this result.

First, regarding q∗(z;𝛍,𝛔), we designate the 40 vari-
ables of the Lorenz-96 model as the mean 𝛍, thus form-
ing a 40-dimensional vector XVI−CNOP. Then, we calcu-
late the cosine similarity index (CSI; a widely used met-
ric for evaluating the similarity between two vectors;
Duan & Huo, 2016 — see Appendix D for details) between
XVI−CNOP and the first CNOP (1st-CNOP; see Appendix B)
in O-CNOPs.

As depicted in Figure 8a, the highest similarity
between XVI−CNOP and the 1st-CNOP is evident when opti-
mized for 48 h. As the optimization duration increases,
the similarity gradually diminishes, which suggests that
with shorter optimization durations, q∗(z;𝛍,𝛔) tends to
cluster near the 1st-CNOP. Consequently, the IPs sampled
from q∗(z;𝛍,𝛔), that is, VI-CNOPs, predominantly cluster
around the 1st-CNOP, limiting VI-CNOPs’ characteriza-
tion of information on AEs and consequently reducing
ensemble forecast skills. Conversely, with a longer opti-
mization duration, VI-CNOPs can capture more extensive
nonlinear growing information of AEs, thereby improving
ensemble forecast performance.

Furthermore, Figure 8b illustrates the objective func-
tion values (‖M𝜏(x + Δ) −M𝜏(x)‖) derived from the

development of 100 random perturbations superposed on
the analysis field. With shorter integration times, owing to
weaker nonlinear effects, there is negligible difference in
the objective function values, indicating that the develop-
ment of these perturbations is largely similar. Considering
an extreme scenario where all z in Equation (2) are identi-
cal, the distribution q∗(z;𝛍,𝛔)would collapse into a single
1st-CNOP. This elucidates why with shorter optimiza-
tion durations, q∗(z;𝛍,𝛔) tends to converge around the
1st-CNOP.

Additionally, from the perspective of optimization
algorithms, the “robustness” of q∗(z;𝛍,𝛔) optimization
results weaken with shorter optimization durations, a facet
beyond the scope of this study.

6 SUMMARY AND DISCUSSION

In this paper, drawing on the CNOP concept, which
embodies rapidly growing IP, combined with VI technol-
ogy, we first construct a theoretical framework for solving
the optimal PDF of the growing-type IPs. This theory was
then applied to the generation of IPs in ensemble fore-
casts, and its effectiveness was verified on the Lorenz-96
model. Specifically, recognizing the considerable impact of
growing-type AEs in the analysis field on forecast results,
we utilize VI methods to derive an optimal approximate
distribution q∗(z;𝛍,𝛔) for the unknown growing-type IPs
PDF p(z|x). Crucially, this approach dispenses with the
need for employing adjoint and tangent linear models,
thus representing a notable advantage over O-CNOPs and
SVs methods.

The ensemble forecast experiments demonstrate that
VI-CNOPs exhibit higher forecast skills compared to
O-CNOPs and SVs methods including metrics like ACC,
RMSE, CRPS, and this skill increases with the extension
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of optimization durations. However, it is important to
acknowledge that VI-CNOPs perform the poorest among
the three methods during short optimization durations.
Further analysis indicates that during the short opti-
mization durations, the weaker nonlinear effects of the
model cause q∗(z;𝛍,𝛔) to concentrate more closely around
the 1st-CNOP, resulting in a diminished capture of
growing-type AEs’ information by the IPs sampled from
q∗(z;𝛍,𝛔), consequently leading to a decrease in forecast
skills. Additionally, similar issues arise when forecast lead
times are short, attributable to VI-CNOPs exhibiting a
lower ensemble spread in the early stages.

As highlighted by Wang and Bishop (2003), the
fundamental concept behind ensemble forecast IPs gen-
eration methods is to ensure that the CM of the IPs at
the initial time closely approximates the CM of AEs.
To further illustrate the effectiveness of the VI-CNOPs
method, considering computer simulation experiments
where the initial AEs are known, we compared the sim-
ilarity between the CMs of IPs generated by VI-CNOPs,
O-CNOPs, and SVs schemes and the CM of AEs. The
results indicate that the CM of the VI-CNOPs scheme
more closely resembles the CM of AEs, which is also the
reason for its higher forecast skills. There are still certain
differences between the CM comprised of VI-CNOPs and
the CM of AEs. This is due to the fact that q∗(z;𝛍,𝛔) only
depicts growing-type AEs. Overall, VI-CNOPs represents
an effective new method for ensemble forecasts.

It should be acknowledged that this work still requires
further research. Firstly, Lorenz-96 serves merely as a basic
conceptual model. In the future, we will verify the effec-
tiveness of VI-CNOPs in more complex models. Secondly,
we only consider initial uncertainties, while in reality,
perfect models do not exist, and model perturbations in
ensemble forecasts are also crucial (Buizza et al., 1999;
Duan et al., 2019). For example, Duan and Zhou (2013)
proposed the nonlinear forcing singular vector (NFSV) to
characterize the impact of model uncertainty on forecast
results. Further, Duan et al. (2022) developed the joint per-
turbations that can characterize the coordinated growth of
initial and model errors, namely, C-NFSV, and clarified the
model errors’ importance in ensemble forecasts. Thirdly,
in solving for q∗(z;𝛍,𝛔), this study optimized the 40 vari-
ables of the Lorenz-96 model individually and utilized a
Gaussian distribution to fit p(z|x). However, real-world IPs
may exhibit a more complex distribution. Hence, explor-
ing combinations of different distributions may provide
a more effective pattern to characterize p(z|x). Previous
studies have shown that the CNOPs are very valuable
for applications to ensemble forecasting of high-impact
weather and climate events (Duan et al., 2023). VI-CNOPs
inherit the growing characteristics of CNOPs while simpli-
fying the original computational complexity. Therefore, we

believe that VI-CNOPs have great potential as in ensemble
forecasts as well.

Looking ahead, VI does not depend on the adjoint
model. Consequently, we plan to develop this method into
a software package that will facilitate the construction of
IPs for ensemble forecasts across various numerical mod-
els. Moreover, it is important to note that VI may have
broader applications beyond generating IPs for ensem-
ble forecasts. For instance, VI can calculate the optimal
approximation of the background PDF of real data, fol-
lowed by random sampling from it to generate additional
data that retains similar or identical statistical properties
as the real data. This can effectively address the current
shortage of training data for artificial intelligence models.
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APPENDIX A

Assuming that the state vector is U, its evolution can be
described by the following nonlinear partial differential
equations:

{
𝜕U
𝜕t
= A(U(x, t))

U|t=0 = U0
, (A1)

where U0 and U(x, t) represent the initial field and its
evolution in time, respectively, and A is a nonlinear dif-
ferential operator. The solution U(x, 𝜏) of the equations at
time 𝜏 can be given:

U(x, 𝜏) = M𝜏(U0), (A2)

where M𝜏 is the nonlinear propagator of Equation (A1)
from 0 to 𝜏. For a sufficiently small perturbation u, the time
evolution trajectory u(t) within a finite time interval can
be described by a linearized equation:

{
𝜕u
𝜕t
= Al(U)u

u|t=0 = u0
. (A3)

Al(U) = 𝛿A
𝛿U

is the tangent linear operator of A. Let
L(t, t0) denote the tangent forward propagator of the linear
equation. The solution u(t) of Equation (C3) from t0 to t
can be written:

u(t) = L(t, t0)u0. (A4)

The norm || ||d is introduced to measure the develop-
ment of the perturbation at the final time t:

||u(t)||d = ⟨u(t),u(t)⟩ = ⟨Lu(t0),Lu(t0)⟩
= ⟨u(t0),L∗Lu(t0)⟩, (A5)

where L∗ is the adjoint propagator of L. Therefore, SVs is
the solution of the following eigenvalue problem:

L∗Lui(t0) = 𝜎2
i ui(t0), (A6)

where ui represents the ith eigenvector of L∗L, that is, SVi,
𝜎

2
i are the corresponding eigenvalue.

In this paper, we employ the L2 norm (the same as
below) to quantify the magnitude of both AEs and corre-
sponding forecast errors:

||x||L2 =

√
√
√
√

n∑

i=1
x2

i . (A7)

APPENDIX B

If u0 denotes the initial errors, the resultant prediction
errors u𝜏 at prediction time 𝜏 can be approximated by

u𝜏 = M𝜏(U0 + u0) −M𝜏(U0). (B1)

Based on Equations (A2) and (B1), Mu and
Duan (2003) defined the CNOP. An initial perturbation
u0𝛿 is called CNOP if and only if

J(u0𝛿) = max
‖u0‖i≤𝛿

‖M𝜏(U0 + u0) −M𝜏(U0)‖f , (B2)

where || ⋅ ||i denotes a norm used to quantify the magni-
tude of the initial errors, while ‖u0‖i ≤ 𝛿 represents the
constraint condition governing the magnitude of the ini-
tial errors. || ⋅ ||f signifies the norm employed to evaluate
the magnitude of the forecast errors at the forecast time 𝜏.

Subsequently, Duan and Huo (2016) introduced the
Orthogonal CNOPs (O-CNOPs). Their mathematical
definition is as follows:

The jth-CNOP can be calculated from Equation (B2),
and satisfies:

𝛀𝑗 =
⎧
⎪
⎨
⎪
⎩

{
u0𝑗 ∈ Rn|‖‖u0𝑗‖‖ ≤ 𝛿

}
, 𝑗 = 1

{
u0𝑗 ∈ Rn|‖‖u0𝑗‖‖ ≤ 𝛿,u0𝑗⊥𝛀k, k = 1, … , 𝑗 − 1

}

𝑗 > 1

,

(B3)
where u0𝑗 represents the initial perturbation in the
subspace 𝛀𝑗 . The jth-CNOP epitomizes the initial
perturbation evolving with maximum nonlinearity
within the subspace 𝛀𝑗 , while remaining orthogo-
nal to the 1st-CNOP, 2nd-CNOP, 3rd-CNOP, … , up
to the (𝑗 − 1)th-CNOP. These CNOPs exhibit mutual
orthogonality.
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APPENDIX C

The anomaly correlation coefficient (ACC) and root-mean-
square error (RMSE) were used to evaluate the forecast
skills:

ACC =
1
N

∑N
i=1
(

xi − x
)(

yi − y
)

√
1
N

∑N
i=1
(

xi − x
)2
√

1
N

∑N
i=1
(

yi − y
)2
, (C1)

RMSE =

√
√
√
√ 1

N

N∑

i=1
(xi − yi)2. (C2)

The ensemble spread delineates the magnitude of
fluctuations among ensemble members relative to the
ensemble mean, which serves as an estimation of forecast
uncertainty:

Spread =

√
√
√
√ 1

N

N∑

i=1

(
xi − x

)2
, (C3)

where xi and yi represent the truth and forecast values,
respectively; x and y denote the mean of the truth and
forecast, respectively. N represents the total number of
samples.

The Brier Score (BS; Brier, 1950) quantifies the accu-
racy and reliability of forecasts based on the disparity
between predicted probability values and truth. Its compu-
tational formula is expressed as follows:

BS = 1
N

N∑

i=1
(fi − oi)2, (C4)

where fi and oi denote the forecast probability and
observed probability of the ith sample, respectively. A
lower BS indicates higher predictive accuracy.

The Continuous Ranked Probability Score (CRPS)
quantifies the discrepancy between the cumulative dis-
tribution function (CDF) of true values and the pre-
dicted CDF. Lower CRPS values signify higher predictive
accuracy:

CRPS =
∫

+∞

−∞

(
F(x) − 1{y≤x}

)2dx, (C5)

where F(x) is the predicted CDF; 1{y≤x} denotes the indica-
tor function, representing 1 when the observed value y is
less than or equal to the predicted value x, and 0 otherwise.

The Relative Operating Characteristic (ROC) curve
is commonly utilized to evaluate the performance of
probability forecast models. Considering the occurrence
of a weather event, the model’s predictions are verified

T A B L E C1 Contingency table.

Observation

Forecast Occurrence Non-occurrence

Occurrence TP FP

Non-occurrence FN TN

against the truth, leading to one of the following results
(Mason & Graham, 1999): true positive (TP), false nega-
tive (FN), false positive (FP), or true negative (TN). Based
on these results, a binary contingency Table C1 can be
obtained:

The hit rate and false alarm rate are defined as:

H = TP
TP + FN

, (C6)

F = FP
FP + TN

. (C7)

Subsequently, plotting a curve with H as the vertical
axis and F as the horizontal axis yields the ROC curve.
The area under the ROC curve (ROCA) encapsulates the
comprehensive assessment of the model:

ROCA =
∫

1

0
H(x)dx =

M∑

i=1

1
2
(Hi+1 +Hi)(Fi+1 − Fi), (C8)

where M represents the number of categories relative to
the probability threshold. A higher ROCA value implies
greater precision in ensemble forecasting.

The Reliability Diagram is a visualization tool used to
assess the accuracy of probability forecast. The computa-
tion involves three steps:

1. The predicted probability values are grouped or binned,
each encompassing a certain range of predicted proba-
bility values.

2. For each group of predicted probability values, the fre-
quency of observed events occurring within that group
is calculated.

3. The Reliability Diagram is plotted, with the horizontal
axis representing the predicted probability values and
the vertical axis representing the frequency of actual
observed events occurring.

If the Reliability Diagram exhibits good symmetry
near the 45◦ diagonal line, it indicates that the model’s
probability forecasts are reliable and accurate. Otherwise,
it suggests the presence of systematic bias or inaccuracy in
the model.

Another crucial method for assessing the reliability
of ensemble forecast systems is the Talagrand diagram
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(Talagrand et al., 1997). Suppose there are J grid points in
the verification domain, the ensemble forecast comprises
M ensemble members, and N experiments are conducted.
The forecast values of ensemble members at each grid
point are arranged in ascending order as x1 < x2 < … <

xM , dividing these M forecast values into M + 1 intervals.
We have a total of S= J ×N valid samples. Sm denote the
frequency of observations falling into the mth interval. The
probability that the observation falls in the mth interval is:

Pm =
Sm

S
(C9)

Then, the degree of deviation of Sm from its expected
value can be denoted as:

Δ = 1
M

M+1∑

m=1

(

Sm −
S

M + 1

)2
(C10)

A flat shape (smallerΔ) in the Talagrand histogram sig-
nifies negligible statistical disparity between the truth and
the forecast values, thereby indicating the reliability of the
ensemble forecast.

Perturbation versus Error Correlation Analysis (PECA)
is a commonly used for assessing the quality of ensemble
forecasts. Ensemble perturbation is defined as the differ-
ence between perturbed forecasts and their corresponding
control forecasts, which can be expressed by the following:

Pi(t) = Fi(t) − FCtrl(t), (C11)

where Pi(t), Fi(t), FCtrl(t) represent the ith ensemble per-
turbation, the ith ensemble forecast member, and the
control forecast, respectively.

The forecast errors E(t) are defined as the difference
between the control forecast FCtrl(t) and the verifying anal-
ysis F(t), that is, the truth runs:

E(t) = FCtrl(t) − F(t). (C12)

For an ensemble forecast system with M perturbation
members, there exist M optimal combinations of ensem-
ble perturbations that minimize the difference with the
control forecast errors:

min
‖
‖
‖
‖
‖
‖

E −
M∑

i=1
𝛼iPi

‖
‖
‖
‖
‖
‖

2

2

. (C13)

To solve this optimization problem, we obtain the opti-
mal estimate values of 𝛼i denoted as 𝛼i, along with the
combination vector POpt under the optimal estimation:

POpt =
M∑

i=1
𝛼iPi. (C14)

Then, the PECA can be calculated:

PECA =
cov
(
E,POpt

)

(cov(E,E))1∕2 ×
(
cov
(
POpt,POpt

))1∕2 , (C15)

where cov(⋅) is the covariance.
A higher PECA value signifies a heightened correla-

tion between perturbations and errors, indicating that the
ensemble perturbations more faithfully capture the anal-
ysis errors characteristics, which augments the reliability
and efficacy of the ensemble forecast.

APPENDIX D

The cosine similarity index is defined as follows:

CSI =
⟨x,y⟩
||x|| ⋅ ||y||

, (D1)

where ⟨⋅, ⋅⟩ is the Euclidean inner product, and || ⋅ || is the
L2 norm.
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